We study the crossover in a zero temperature superconducting nanofilm from a single to a double superconducting slab induced by a tunable insulating potential barrier in the middle. The single phase superconducting ground state of this heterostructure is shown to be intrinsically multigapped and to have a new type of resonance caused by the strength of the barrier, thus distinct from the Thompson-Blatt shape resonance which is caused by tuning the thickness of the film. Single particle electronic states are strongly or weakly affected according to their parity (even or odd) with respect to the insulating barrier. The lift of the parity degeneracy at finite barrier strength reconfigures the pairing interaction and leads to a multigapped superconducting state with interaction driven resonances.
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I. INTRODUCTION
Since two-gap superconductivity has been discovered in MgB 2 1-7 an intense research activity has been devoted to multiband and multigap superconductors. In fact twogap superconductivity has been theoretically proposed long ago 8, 9 and recently found in many compounds 10 ranging from composites 11 to metallic Pb 12, 13 . Nanoengineered superconducting films tailored to atomic precision thickness [14] [15] [16] are pivotal to this research as they display multibands and multigapped superconductivity. Superconductivity in ultrathin nanofilms was demonstrated to be very robust and it can survive even in monoatomic layers of In and Pb 16 . In this paper we show that the superconducting nanofilm with an inner potential barrier has an intrinsic multigap structure. Interestingly a nanofilm with a single superconducting slab has multibands but only displays multigaps within the narrow window of shape resonances, as shown by . However this narrow window, defined by the nanofilm width and by the pairing energy scale, renders very difficult its experimental observation. To overcome this problem we consider here a SIS nanofilm, a superconductor-insulatorsuperconductor "sandwich" such that the two superconductors are thin slabs in the quantum-size regime separated by a very thin insulating slab. We show here that the SIS nanofilm is multigapped since it remains so whether or not in a shape resonance. We also show that the SIS nanofilm possesses a new type of resonance hereafter called interaction driven resonance to distinguish from the well-known shape driven resonance occurring in the single slab superconducting nanofilm. The SIS nanofilm displays very distinct and novel properties with respect to the single slab nanofilm. They stem from the additional parity properties with respect to the insulating barrier since single particle states can be either even or odd. Even states strongly feel the presence of the barrier while odd ones do not and this causes a splitting in the single particle energy levels which is at the heart of the multigapped structure of the superconducting state.
The interaction and the shape driven resonances share a single common origin albeit they have distinct properties. To understand their common origin we recall that single particle electronic states in films are a sum over continuum and discrete degrees of freedom, associated to the parallel and perpendicular to the film surface degrees of freedom, respectively. The origin of the discreteness is in the quantum size regime that renders the superconducting gap smaller than the splitting between two consecutive energy levels perpendicular to the nanofilm. The discreteness no longer holds for a thick film since consecutive single particle states become so close in energy that their splitting is smaller than the superconducting gap. The continuum treatment is always suited for the degrees of freedom parallel to the nanofilm surface, where the separation between consecutive levels is always smaller than the superconducting gap.
Superconducting nanofilms have a far richer structure than a bulk superconductor, the latter defined here by the simplest possible model, i. e., that of a single spherically symmetric three-dimensional Fermi surface. Even within this simple description nanofilms are far more complex than the bulk. They display multiple two-dimensional Fermi surfaces, each associated to a distinct discrete state induced by the perpendicular confinement. Shape and interaction driven resonances are a consequence of these multiple Fermi surfaces in nanofilm that cause a reconfiguration of the pairing interaction. The intersection of the chemical potential with the parabolic parallel bands defines multiple Fermi surfaces, where an attractive interaction leads to superconducting gaps around the Debye energy window centered in the chemical potential itself. A resonance in the superconducting gap is the consequence of the entrance (exit) of a two-dimensional Fermi surface into the Debye energy window. An intersection with a two-dimensional Fermi surface can be either added or removed and this affects the superconducting gap of the nanofilm. This phenomenon has no counterpart in the simplest description of the bulk superconductor. The adjustment of some nanofilm parameters moves the discrete levels and is responsible for resonances. The ThompsonBlatt superconducting shape resonance 18, 19 is due to a change in the nanofilm thickness that affects the discrete levels. This is the only way to make a single slab superconducting nanofilm resonate since it lacks any other internal structure. However the SIS nanofilm has an internal structure given by the insulating barrier and this opens a new venue for resonances through the adjustment of the discrete levels by the barrier strength. As shown here the even discrete levels are very sensitive to the barrier strength and through this mechanism can be moved to enter the Debye energy window and cause a resonance in the superconducting gap.
To unveil the intrinsic multigap structure and the existence of interaction driven resonances in the SIS nanofilm we study its zero temperature properties under a fixed chemical potential. Indeed the chemical potential can be considered approximately constant in case the number of atomic monolayers in the superconducting nanofilm surpasses a small number, known to be nearly five according to Fig. 1 of Ref. 17 . Such assumptions add simplicity to our study without compromising the present goals.
In this paper we consider that the SIS nanofilm has only one single superconducting state in thermodynamical equilibrium. Cooper pairs tunnel through the insulating barrier and there is no phase difference between the two superconducting slabs and so, there is no Josephson current, which can only exists in case of a phase difference between them 20,21 . Although we compute here excited states (multigaps) of the SIS nanofilm those are assumed to be translational invariant along the film surface and so there is no spontaneous current passing from one side to the other of the SIS nanofilm. Thus Josephson vortices are excluded as those induce localized circulating currents from one slab to the other.
We use the Bogoliubov de Gennes (BdG) equations in the Anderson approximation to show that superconductivity is multigapped and also to show the existence of interaction driven resonances in the SIS nanofilm. We do it in the simplest possible theoretical framework able to capture the key elements of the SIS nanofilm. The insulating barrier is treated as a repulsive delta function potential, which is enough to describe the parity breaking in the single particle electronic states that can be either affected (even) or not (odd) by it. The delta function description has the advantage of keeping the parabolic nature of bands even in presence of the insulating barrier. We find the present simple approach useful with respect of more elaborate treatments 22, 23 that can deal with features such as the proximity effect in the SIS nanofilm. A recent detailed investigation of the shape resonances at the critical temperature for a single superconducting nanofilm has been reported in Ref. 24 and 25 , by an exact numerical solution of the BCS mean-field equations at fixed density. The main outcome is that the precise form of the shape resonance and the enhancement (or suppression) of the critical temperature depend on the strength of the confining potential at the nanofilm surface and on the value of the pairing interaction. The effects of interaction driven resonances on the critical temperature of a SIS nanofilm will be considered elsewhere.
From the experimental point of view there are several ways to realize the insulating barrier of the SIS nanofilms. One possibility is to deposit on the Nb nanofilm a thin film of Al and then proceed with the insitu oxidation of Al at room temperature. The thickness of the AlO x insulating barrier will change depending on the oxygen exposure time, allowing for a control of the barrier potential strength 26 . AlO x barriers with thickness of the order of 1nm should be realizable. Another possibility could be to use silicon as an insulating barrier in the SIS nanofilms. A pictorial view of the SIS nanofilm composed of two superconducting slabs with thickness a − ε and an insulating barrier with thickness 2ε such that the total thickness is 2a. show the onset of multigaps through this transition.
II. BOGOLIUBOV DE GENNES EQUATIONS AND ANDERSON APPROXIMATION FOR SIS NANOFILMS
The energy of the excitations above the superconducting ground state at zero temperature, E n , are obtained from the BdG equations.
where the single particle Hamiltonian is,
The potential U (r) confines particles inside the thin film and may contain an internal structure. The BdG equations are non-linear in u n (r) and v n (r) since,
where V is the strength of the pairing interaction (V > 0 in the following). The number of particles and the density are given by, One seeks normalized wavefunctions,
In case of a single superconducting slab the summation index represents the set of parallel and perpendicular degrees of freedom, associated to continuous and discrete wave numbers, respectively. The Anderson approximation relies on the Schroedinger equation,
whose eigenstates provide the approximated solution to the BdG equations,
where the eigenvalues, ζ n , and normalized eigenvectors,
The coefficients c n and d n are the coherence factors of the BCS-like superconducting state and are given by, For Ω = ∞ even and odd levels are degenerate.
, and (10)
where
Therefore the excitation energies E n are given in terms of the superconducting gaps ∆ n that must obey self consistent equations, equivalent to Eq.(3).
The pairing interaction is given by the matrix elements,
The Anderson solution only solves an approximate version of the BdG equations, as can be deduced by introducing the proposed solution, Eq. (7), into Eq. (1),
. (15) Only the integrated version of the above equations, multiplied by Ψ * n (r), is solved. Using the normalization condition of Eq. (8), one obtains the Anderson approximation equations, which corresponds to the set of equations below, which is position independent.
The solution of the above equations are given by Eqs. (9) and (10) . They are the Anderson approximation to the solution of the full BdG equations.
The BdG equations applied to the SIS nanofilm must take into account the perpendicular and parallel degrees of freedom of electron motion, such that the single particle states, defined by Eq.(6), have the following properties:
The nanofilm surface area is A and the wave function component ψ kj (x) satisfies the uni-dimensional Schroedinger equation,
All k j states, j being an integer, are bounded and for simplicity also labeled by k or just by j. The wavefunctions are assumed normalized.
Thus the general Eqs. (6) and (8) are reduced to the perpendicular ones, Eqs. (20) and (21), respectively. The dimensionless interaction matrix component in Eq. (14), associated to these wave functions defined below.
and 2a is the total width of the SIS nanofilm.
III. DESCRIPTION OF THE INSULATING SLAB
The total thickness of the SIS nanofilm and of the insulating barrier are 2a and 2ε, respectively, as depicted in Fig. 1 . The insulating slab is a potential barrier of height V 0 that acts in the single particle channel of the
FIG. 6. (Color on line)
The SIS nanofilm is represented here for the cases of no barrier (Ω = 0) and of an infinite barrier (Ω = ∞) which are equivalent to a single and to two decoupled slabs, respectively. For Ω = 0 the single particle ground state is even and the first excited odd whereas for Ω = ∞ the single particle even and odd states are degenerate in energy. The even and odd wave functions are shown in full (green) and dashed (red) lines, respectively.
BdG equations, namely, described by the Hamiltonian of Eq.(2), through the potential that confines particles inside the SIS nanofilm. (20)). This is because the parity (even-odd) symmetry is broken by the barrier which splits the single particle states into states that are strongly affected by the presence of the barrier and others that are not. The odd states are very little sensitive to the barrier because their wavefunction vanishes inside the barrier. Oppositely, changes in the strength of the barrier severely affect the even states since they dos not vanish inside it. In this paper we work within the approximation that the odd levels are absolutely not affected by the barrier, which means a very thin insulating slab. In this case the potential barrier of the SIS nanofilm can be approximated by a delta function potential 27 ,
We find convenient to describe the insulating barrier through a characteristic wave number, Ω, related to V 0 and ε by the assumption of equivalence of the rectangular barrier area.
The characteristic energy of the discrete levels, caused by the perpendicular confinement is
Then one obtains that,
To get a rough estimate for it, consider ε ∼ x 0 , then V 0 ∼ 0.038 Ω meV, where Ω must be expressed in nm −1 . The delta function potential description provides a simplified model that retains key features of the barrier. There are single particle states above and below the barrier, such as shown in Fig. 2 . The perpendicular discrete levels remain parabolic for any Ω, j =h 2 k j (Ω) 2 /2m. We briefly summarize some key properties of the even and odd energy levels within the delta function description of the barrier. Even and odd single energy levels alternate in sequence, as shown in Figs. 3 and 4 . The even levels have their wavenumber determined by where for a given Ω there are several k j solutions. They are affected by the presence of the insulating barrier, j = j (Ω), as previously described. The odd wavenumbers are simply given by The physical interpretation of Ω is a crossover wavenumber. It sets the regime beyond which the barrier is no longer felt, thus in agreement with Fig. 2 . To see this notice that Eq.(28) can be written as ka · cos ka + Ωa · sin ka = 0. For |k| >> Ω the eigenvalue equation simply becomes cos ka ≈ 0 since the trigonometric functions are bounded. Thus even modes become k j ≈ (2j + 1)π/a, j = 0, 1, 2 . . .. They do not feel the barrier and can be considered as lying above it. For |k| << Ω the eigenvalue equation must be solved and in this case the even modes feel the barrier. In summary Ω is the critical wavenumber associated to the barrier height.
To reach understanding of the effects of the potential barrier into the single particle energy levels, we consider three special values of the potential barrier strength, namely, Ω = 0, finite, and ∞. Fig. 3 shows the single particle ground and first excited states, which are even and odd states, respectively. While the ground state is deformed by the potential barrier, the first excited state remains unaffected. They are quite distinct for Ω = 0, but as Ω → ∞ the ground state becomes equal to the Ω = 0 ground state, although doubled due to the presence of the infinite barrier. Moreover the ground and first excited states become equivalent in this limit since even and odd levels coincide apart from a negative phase difference in one of the half-widths. The superconducting gap versus half thickness a within the window 0.5 ≤ a(nm) ≤ 2.5, the same of Eq.(7). This plot shows that shape resonances are also present in case of a finite (Ω = 0) barrier. Even and odd gaps are presented by gray (green) and dark (red) lines, respectively. The x-axis thick marks are set at the top of the individual branches, where is the onset of single particle states with equal number of even and odd states, according to Table IV. The black horizontal line sets the value of the bulk gap. Fig. 4 gives a pictorial view of the discrete levels, as a function of ka, in these three situations. It also shows that from Ω = 0 to Ω → ∞ even and odd levels approach each other and confirms the degeneracy seen in Fig. 3 for the fundamental and first excited states here extended for all other even and odd excited levels. As even and odd levels alternate in energy at the limit Ω = ∞ they become degenerate in energy. 
At zero temperature, the multiple two-dimensional Fermi surfaces are defined by,
Thus even and odd Fermi surfaces succeed in sequence of increasing j until a maximum j max is reached, and beyond which it is no longer possible to have a positive within the Debye energy window around each of these two-dimensional Fermi surfaces. An interesting feature of the SIS nanofilm is the equivalence of its two extreme limits concerning the barrier strengt: Ω → 0 and also Ω → ∞ should yield the same physics since the single slab nanofilm is retrieved in both limits. For Ω → ∞ the SIS nanofilm becomes two independent disconnected single slab nanofilms with half the width of the Ω → 0 case. However close to a critical value of the barrier, Ω c the present BdG formalism and its Anderson approximation break down. This is because the splitting between consecutive even and odd single particle energy levels becomes smaller than the superconducting gap. The present formalism does not contemplate the possibility of pairing between particles in distinct energy levels (cross pairing) and only considers pairing between particles in the same energy level, with the possibility of Cooper pair transfer between different subbands.
IV. MULTIBAND AND MULTIGAP STRUCTURE OF SIS NANOFILMS
The insulating barrier lifts the degeneracy of even and odd single particle states, because it acts differently on them, rendering the superconducting gap in SIS nanofilm very distinct from the one in single slab nanofilm. Therefore the SIS nanofilm can be regarded as a tunable system to study the interplay between parity symmetry and superconductivity. The SIS and the single slab nanofilms are both multiband systems but with very dis- Table II . Even and odd gaps are presented by gray (green) and dark (red) lines , respectively. The single particle energy levels for selected Ω values associated to this transition are described in Table VI . The distinct gaps are seen at fixed Ω showing the multigap structure of the SIS nanofilm.
a ) . The barrier strength is Ω = 90 nm −1 . The number of even (odd) single particle states is the same as the number of distinct even (odd) superconducting gaps whose maximum and minimum values are shown here. These gaps are also seen in Fig.10 Notice that the highest superconducting gaps are always odd while the lowest ones are even. tinct multigap structure, as shown here. The single slab features multigaps only within the shape resonance region whereas the SIS nanofilm is multigapped independently of any resonance condition.
We assume here that for all the 2D Fermi surface the Debye energy window is the same, similarly to the Thompson-Blatt model for the single slab nanofilm 17 . The effective pairing interaction in the BCS like approximation exists only within the Debye energy window. According to Eq.(17) one obtains that,
where the matrix elements were defined in Eqs. (14) and (22) , and ζ k ,j is defined in Eq. (18) . The Heavyside function, θ(x), has been employed: θ(x) = 1 for x > 0 and θ(x) = 0 for x < 0. The superconducting gap is homogeneous within each Debye energy window,
There is a maximum parallel energy max = E 2j and a minimum one, min = E 1j , which defines the parallel energy window, δE ≡ E 2j − E 1j .
Let us analyze this parallel energy window according to the three possible positions of the Debye energy window:
1. δµ D is above the bottom of the j band. Then E 2j = µ + e D − j and E 1j = µ − e D − j and δE = 2e D .
2. µ touches the bottom of the band, namely, µ = j . Then E 2j = µ + e D − j and E 1j = 0, thus δE = e D .
3. µ + e D is below j . Then E 2j = 0 and E 1j = 0, and consequently δE = 0.
In this paper we take the assumption that µ >> e D . This renders the window δµ D very narrow and consequently, also the (shape) resonance window small. We also take that the parallel electronic density of states is constant, and given by the standard definition,
Therefore the summation over single particle states is really given by n (.
The equation that determines the superconducting gaps is obtained by integrating over the parallel momentum:
where the interaction matrix has been defined in Eq. (22) . We have expressed the coupling V , introduced in Eq. (14) , in terms of λ, previously defined in Table II :
where k F is the three-dimensional Fermi wavenumber. Although we do not impose a fixed total number of particles, for the sake of completeness, we show that Eq.(4) becomes,
Next the special limits of no barrier (Ω = 0) and of an infinitely strong barrier (Ω = ∞) are discussed. They do not yield any novel result, as they reduce to the single slab nanofilm, well described by Thompson and Blatt 17 . Nevertheless they provide an opportunity to understand properties of the SIS nanofilm and for this reason we obtain the solutions of Eq.(38) in these two limits. The single particle states are obtained in the appendices A 3 and A 4 from our general approach. Fig. 6 depicts for Ω = 0, the single particle ground and the first excited states, which are even and odd states, respectively. This is the single slab nanofilm limit and the interaction matrix (Eq. (22)) becomes V i j = 1 + δ i j /2, as follows from our general expression of Eq.(C1), shown in appendix C. The single particle energies are given by Eqs.(A5) and (A7) for even and odd levels, respectively. Assume the chemical potential out of a resonance condition, namely the first among the three possibilities previously listed. Away from a shape resonance window Eq. (38) becomes,
There is a maximum quantum level,
where "floor" stands for the lowest integer. This integer is obtained from Eq. (35) and defines the number of activated bands. When all superconducting gaps are equal, ∆ i = ∆, one can easily solve Eq.(42) and find its value,
Indeed this equal superconducting gap solution is found in Thompson and Blatt's original work 17 . We also confirm that all superconducting gaps are equal away from resonance from our numerical solution of Eq.(38), which is solved iteratively.
For Ω = ∞ the single particle states are given by Eq.(A9) for both even and odd levels. The analysis of this case is instructive because the two single slab nanofilms limit must be recovered. Fig. 6 depicts the even and odd single particle wave functions for Ω = ∞. Even and odd single particle energies are equal in this limit. The wave functions coincide apart from a phase difference in one of the sides of the barrier (negative sign). This negative sign is irrelevant for the matrix elements of Eq. (14) since they only take into account the modulus of the wave function. According to the general treatment of the matrix elements done in appendix C, even and odd terms are all equal: V 
Recall that we are considering that µ >> e D and the out of resonance condition, the first one among the three possibilities previously discussed for the chemical potential.
Then we obtain from Eq. (38) that,
The maximum quantum level is easily obtained from Eq. (35):
Notice that j max also follows from Eq. (43) Next we consider the breaking of the present BdG approach due to the onset of cross pairing. The energy splitting between even and odd states, associated to the same discrete state, in the limit aΩ >> 1, is
according to Eqs.(A9) and (B2). Essentially cross pairing must be considered in case the above single particle energy splitting becomes comparable to the bulk gap. We define the critical strength Ω c at δ j = ∆ bulk . The smallest splitting is in the first level, j = 1. As an example consider the case of a SIS nanofilm with total thickness 2.0 nm, that is, a = x 0 (see Eq. (26)). Then the critical strength of the barrier is given by,
where 0 is defined in Eq. (26) . Recall that the discreteness along the perpendicular direction is based on 0 >> ∆ bulk . Notice that there are two important electronic energy differences, namely, between even and odd levels that form a pair, and between two consecutive pairs. Even in case the even to odd splitting within a pair falls shorter than the bulk gap, the splitting between the two pairs consecutive pairs remains larger than the bulk gap, and so, justify the discrete treatment in the perpendicular direction. For instance, 
V. PHYSICAL PARAMETERS AND SINGLE PARTICLE STATES
We take the parameters of Niobium described in Tables I and II as a basis for the discussion about the multigap and the interaction driven resonance in SIS nanofilms. We also list the physical parameters of Aluminum and Lead, although the present study does not address nanofilms made of these metals.
The minimum energy needed to break a Cooper pair into two independent electrons is 2∆. According to the BCS theory the superconducting gap is related to the critical temperature by 2∆/k B T c ≈ 3.5 and Aluminum, Lead and Niobium satisfy approximately this relation [28] [29] [30] as seen in Table I , which also contains other parameters needed for the study of the SIS nanofilm, such as ∆ bulk , E
3D
F , e D , and the Fermi wavenumber, k F . Table II shows the required parameters in units of the Debye energy. The ratio ∆ bulk /e D = 6.41 · 10 −2 is extensively used in our considerations. Table II also contains for the three metals the critical strength of the barrier, defined by Eq.(50). For a = x 0 (see Eq. (26)) the ratio µ/ 0 ∼ 10, thus a few discrete energy levels fall below the chemical potential, which means that a few of the two-dimensional Fermi surfaces can develop a superconducting gap. It also holds that the Debye energy is much smaller than the typical quantized energy across the film, 0 /e D = 15.81. The chemical potential is significantly larger than the Debye energy for the three metals, µ >> e D , which justifies the analysis done in section IV. The dimensionless parameter λ, defined in Eq. (40), gives the strength of the pairing interaction and is determined from the the requirement that the nanofilm gaps approach the bulk gap in the limit of increasing thickness. We use the parameters of Niobium previously assigned to describe the SIS nanofilm. The shape resonances correspond to the discontinuities where the gap jumps from below to above its bulk value. The bulk gap value is represented there by a black horizontal line. Indeed Eqs. (44) and (48) do not give a good description near to the shape resonances, where in fact a multigap structure arises. There the gap must be directly obtained from Eqs. (38) and (39) . Recall that Eqs.(44) and (48) are approximate solutions of Eqs. (38) and (39) only valid away from resonances.
VI. MULTIGAP FEATURES OF THE SIS NANOFILM AT A SHAPE RESONANCE
In this section a Nb SIS nanofilm is studied with half width in the range a = 1.060 to 1.066 nm and a very weak insulating barrier (aΩ << 1). Although the studied window is too small to be physical, the present analysis brings understanding about the fundamental differences between the multigap properties of the SIS and the single slab superconducting nanofilms. Essentially we show here that the SIS nanofilm is intrinsically multigapped whereas the single slab is not. Through the shape resonance window one observes the onset and disappearance of multiple gaps in the single slab nanofilm while the SIS nanofilm always remains multigapped. Fig. 8 shows the gaps in case of no barrier (Ω = 0), as obtained through Eqs.(44) and (38) . The first equation gives the continuous (red) lines while the second one is used for specific points in the resonance region, namely a = 1.060, 1.062, 1.064 and 1.066 nm. Recall that Eq. (44) is obtained under the assumption of just one single gap and away from resonance. Eq.(38) provides a self consistent numerical method to numerically determinate the gaps. Away from resonance they give the same results which proves the righteousness of the gap solution of Eq. (44) for Ω = 0. Indeed the numerical solution of Eq. (38) shows that the cases a = 1.060 nm and a = 1.066 nm are the extremities of the shape resonance, as just a single gap is obtained, as shown in Fig. 8 . For the intermediate widths, a = 1.062 nm and 1.064 nm, Eq. (38) gives two gaps corresponding to a change in the number of single particle states below the chemical potential. Thus these two half widths fall in the shape resonance window, since a second gap appears, which corresponds to the entrance of a new band into the Debye energy window. The two gaps at a = 1.062 and 1.064 nm cannot be described by Eq.(44) since this formula does not account for different gaps. Table III shows the single particle energy levels at the extremities of the studied interval and the onset of a new single particle energy state into the Debye energy window. The number of even levels remain unchanged while the odd ones are changed by one. Recall that according to Table II , µ/e D = 223.9.
Next consider the situation of a weak potential barrier, as shown in Fig. 9 . The four half widths a = 1.060, 1.062, 1.064 and 1.066 nm are considered here in case that Ω = 0. They were considered before in Fig. 8 in case that Ω = 0. Some very distinct features are noticeable in the comparison of the extremities (a = 1.060 nm, 1.066 nm) with the resonating widths (a = 1.062 nm, 1.064 nm). At the extremities, the splitting of the gap is purely due to the barrier since for Ω = 0 the gaps have all the same values. Interestingly the parity symmetry for Ω = 0 is unbroken in the superconducting properties since even and odd gaps are equal. Nevertheless for Ω = 0 this degeneracy is lifted since even and odd gaps are no longer equal. Interestingly just a small potential barrier is enough to do this splitting and unveil the multigap nature of the SIS nanofilm. The interaction splitting is small (∼ 0.5%) in comparison with the shape resonance splitting (∼ 3.0%).
The even single particle states in the range 0 < aΩ < 1, are well described by Eq.(B1), which is a good approximation to the exact solution of Eq. (28) for a weak insulating barrier range. Fig. 9 shows the gaps obtained by solving Eqs. (38) and (39) with matrix elements Eqs.(C2), (C3), (C4), and (C5). The even wavenumbers are obtained from Eq.(B2), which provides an approximate solution of Eq. (28) . Fig. 10 shows the gaps within the same half width window of Fig. 7 , 0.5 ≤ a(nm) ≤ 2.5, but for Ω = 90 nm. Its understanding must be complemented by Table IV , which provides further information about the number of gaps and their range. Notice that for the SIS nanofilm the number of distinct gaps is the same as the number of accessible bands. Table IV shows the critical half widths where there is a change in the number of even and odd bands within the studied range 0.5 ≤ a(nm) ≤ 2.5. We conclude from Fig. 10 that shape resonances still exist for finite Ω. Nevertheless the shape resonance acquires a more elaborate structure since the number of even and odd single particle levels, which here is the same as the number of distinct gaps, change in similar but not equal widths. According to Table IV the tip of the curves in Fig. 10 , associated to the highest possible gaps, have an equal number of even and odd single particle states below the chemical potential. At the bottom of these curves, where the lowest gap values of these curves is reached, one observes the increase by one in the number of even single particle states, according to Table IV . Next and within a very close half width value, a new transition takes place where a new odd level is added. Lastly there is a third transition corresponding to the final jump to the top of the next curve where an even level is added. Then even and odd levels become equal again.
VII. INTERACTION DRIVEN RESONANCE
In this section two Nb SIS nanofilms with fixed half widths are studied, namely a = 1.49 and to 1.05 nm, in different ranges of Ω. The goal is to show the presence of interaction driven resonances which means that the superconducting gaps undergo abrupt changes by adjustment of Ω without changing the half width a.
The shape resonance, obtained by tuning of the half width, a, affects all discrete states but the interaction resonance can only affect the even states because only them feel the barrier. Therefore the cause of an interaction resonance is the passage of an even single particle state through the Debye energy window that renders a new (even) band accessible for pairing. Fig. 11 and Fig. 12 show the gaps obtained by solving Eqs. (38) and (39) with matrix elements Eqs.(C2), (C3), (C4), and (C5). It remains to describe how the wavenumbers of Eq. (28) are obtained. Below we study two examples of interaction driven resonance that take place in distinct ranges of barrier strength.
The first example is for a = 1.49 nm at a fixed set of ten insulating barrier strengths, given by aΩ = 1, 2, . . . 10, whose wavenumbers are listed in Table V and correspond to exact solutions of Eq. (28) . Notice that in Table V the single particle energy level j = 7 lies above the Debye energy window for any Ωa in this table and for this reason does not contribute to the superconducting state. The level j = 6 falls below (or inside) the Debye energy window from Ωa = 1.0 to Ωa = 6.0, and above from 7.0 to 10.0. Ωa = 6.0 corresponds to the barrier strength Ω shown in Table VI. The single particle energy level j = 5 lies below the Debye energy window for any Ωa in this table. Within this range of solutions the interaction resonance can also be observed for other half widths in the proximity of a = 1.49 nm. The interaction resonance moves out of this fixed aΩ window for values of a significantly different from the above one. Fig. 11 shows the gaps, as obtained from Eq. (38) , versus the insulating barrier strength. An abrupt change of the gaps take place near to Ω = 4.03 nm −1 which characterizes the interaction resonance. Notice in this figure the multigap structure with odd gaps (triangles, red) above the even gaps (upside triangle, green). Table VI is complementary to Fig. 11 as it shows at selected values of Ω, the energies of the single particle states through this transition. By increasing the barrier strength the number of single particle states inside and below the Debye energy window changes from 6 to 5. Specific values of Ω were selected to characterize the transition, namely, Ω = 3.36 (below), 4.03 (in) and 4.70 (above) nm −1 . The odd single particle energy levels are not affected by changes in the barrier strength, as shown in Table VI . Fig. 11 shows that the change in the gap values through the interaction resonance can be quite high (∼ 20%).
The second example is for half width a = 1.05 nm and takes place at the range of potential barrier strength 50.0 < aΩ < 200. In this example the even single particle states are obtained as approximate solutions of Eq. (28) given by Eq.(B2). Fig. 12 shows the multigaps versus Ω with significant changes in the gap at the interaction resonance (∼ 40%). The interaction resonance observed at Ω = 85.71 nm −1 also exist in a different Ω but still within the studied range for similar half widths. Notice that the studied range falls below Ω c ∼ 246 nm −1 (Table II) beyond which crossing pairing between the even and odd levels must be included, which is not done here. 
VIII. DISCUSSION
The study of nanostructured superconductors is important for many reasons, among them the quest to predict and realize metallic heterostructures that are multiband and multigap and present BCS-BEC crossover from momentum to position space pairing that can be tuned by system parameters. Theoretical and experimental evidences have shown that nanostructuring of bulk superconductors, in the forms of nanofilms, nanostripes, and nanoclusters is able to induce multigap and multiband superconductivity and superconducting shape resonances 16, 18, 31, 32 . Ref. 33 contains an overview of the experimental state of the art for superconducting nanofilms. Multiband and multigap superconductors bring new paradigms to the understanding of coherent quantum phenomena, such as the enhancement of the superconducting critical temperature and the pairing energy gaps 34 through tunable parameters. The BCS-BEC crossover is also a central issue in present studies of high-T c superconductivity. It has been proposed in Aluminum doped MgB 2 35 through a two-band, two-gap resonant superconductivity model. The BCS-BEC crossover has been studied in two-band and two-gap superconductors 36 and also in quantum confined superconductors and superfluids 37, 38 . Mostly important for connections with the results of the present work is the prediction that superconducting nanofilms can show BEC (molecule like) pairing induced by quantum confinement when the number of monolayer is reduced to a few units 39 . From the other side the shape resonances in superconducting gaps and critical temperature are expected to be generally present in a quasi two-dimensional electron gas formed at oxideoxide interface 40 , which is another system that could be used to realize the SIS structure investigated in this paper. Finally, we note that the shape resonances in superconducting nanofilms discussed at length in this paper are always accompanied by a topological change in the geometry of the Fermi surfaces, which is a Lifshitz transition. The Lifshitz transitions seem to be a general feature of high-T c superconductors, in particular in iron-based systems. Key predictions associated with the Lifshitz transitions are resonances and amplifications in the superconducting critical temperature, as recently observed in electron-doped FeSe monolayer 41 and a typical chemical potential (density) dependence of the supercon- (28) for a discrete set of barrier strength, aΩ = 1, 2, · · · , 10, are shown here. They are used to obtain the superconducting gaps shown in Fig. 11 . The solutions of Eq. (28) are displayed here as the product of the wavenumber times the half width, ka. They provide the wavenumbers of the even levels while odd ones, ka = jπ are listed in the first row for comparison. As aΩ increases even and odd solutions approach each other, as shown here. TABLE VI. The single particle energy levels are shown for an SIS nanofilm with half widt a = 1.49 nm and three values of Ω taken within the range aΩ = 1, 2, . . . , 10. The extremities of the Debye energy window are µ/eD − 1 = 222.9, µ/eD + 1 = 224.9, according to Eq.(32) and Table II . For Ω and Ω there are 6 single particle energy even levels inside and below the Debye energy window For Ω this number drops to 5 thus leading to an interaction driven resonance associated to an even state. Fig. 11 shows the gaps through this transition. Table V gives the wave numbers of these single particle energy states. Notice that the odd levels remain unchanged throughout the transition.
ducting isotope effect in the critical temperature 42 .
IX. CONCLUSION
In this paper we have shown that the presence of an insulating potential barrier between two superconducting slabs in the quantum size regime brings novel and interesting effects not found in the single superconducting slab nanofilm. This is because of the parity symmetry brought into play by the insulating barrier. The single particle states either vanish at the insulating barrier (odd) or not (even). The even states are strongly affected by the insulating barrier whereas the odd ones are not, and this leads to a segregation between even and odd superconducting gaps. Consequently noticeable effects are Table II , µ/eD − 1 = 222.9, µ/eD + 1 = 224.9 ) lies above the highest even energy level thus excluding it and leading to an interaction driven resonance. Notice that the three odd levels remain unchanged throughout the transition. Fig. 12 provides information about the gaps through this transition.
found in the superconducting properties of the nanofilm, such as intrinsically multigapped superconductivity and interaction driven resonances, the latter being distinct from the well-known Thompson-Blatt shape resonance. The results presented in this paper have been applied to a Nb-I-Nb nanofilm but the conclusions of multigap superconductivity and interaction driven resonances remain valid for other metals as well.
Important to the present discussion is the obtainment of the dimensionless matrix elements defined in Eq. (22) , or equivalently,
The matrix element can be generally expressed as
From the above formula we obtain specific matrix elements.
(a) V k k , k odd, k odd
The strength of the potential barrier does not affect the odd-odd matrix elements.
In both limits, Ω → 0 and Ω → ∞, the formula above gives the above limit, namely, V k k → 1 + δ k k /2.
(c) V k k , k even 
In both limits, Ω → 0 and Ω → ∞, the formula above gives that V k k → 3/2. 
In both limits, Ω → 0 and Ω → ∞, the formula above gives that V k k → 1.
